We consider the ortho spectrum of hyperbolic surfaces with totally geodesic boundary. We show that in general the ortho spectrum does not determine the systolic length but that there are only finitely many possibilities. In fact we show that, up to isometry, there are only finitely many hyperbolic structures on a surface that share a given ortho spectrum.
Introduction
1.1. Context. Basmajian defined the ortho spectrum of a convex hyperbolic structure X on a surface Σ of finite type with non empty (totally geodesic) boundary. He proved a formula for the perimeter (i.e. sum of the lengths of the boundary components) in terms of the ortho spectrum. Subsequently, Bridgeman and Kahn gave a formula for the area of the surface in terms of the ortho spectrum. Thus two of the principal moduli of the hyperbolic structure X are explicitly determined by the ortho spectrum.
We set out to understand to what extent the ortho spectrum determines the geometry of the hyperbolic structure X. Observe that three important numerical invariants (moduli) of X are determined by the ortho spectrum:
• The total length of the boundary.
• The area of the surface.
• The entropy of the geodesic flow can be determined via Poincaré series. A natural question, which is easy to answer in the negative, is whether the ortho spectrum determines the hyperbolic structure up to isometry. The analogous question for the length spectrum of a closed hyperbolic surface, which was much more difficult to answer, has been much studied in particular by Buser and his students. Of fundamental importance in Buser's work is the systolic length which does not appear on our list of moduli explicitly determined by the ortho spectrum. Recall that the systolic length is the length of the shortest closed geodesic and it is easy to see that this is the infimum of the length spectrum.
1.2. Statement of Results. Though the relationship between systolic length and length spectrum is quite straightforward its relationship to the ortho spectrum is less obvious and this is the subject of this paper. We show that in general the ortho spectrum does not determine the systolic length but that there are only finitely many possibilities for the the systolic length for a given ortho spectrum. In fact we show that, up to isometry, there are only finitely many hyperbolic structures on a surface Σ that share a given ortho spectrum. To do this, following Wolpert [Wol77] , we use Mumford's pre compactness criterion for subsets of moduli space M(Σ): a subset B ⊂ M(Σ) is pre compact, if and only if, the infimum of the systole over B is strictly positive.
Thus we must show that given hyperbolic structure X then there is a uniform lower bound on the systolic length which only depends on the ortho spectrum of X and its topological complexity. Here, by topological complexity we mean the number of pairs of pants in a pants decomposition ( equivalently the area of X). At the outset we hoped to obtain this result by using properties of the Poincaré series. Unfortunately, we were unable to do this though we obtained some partial results which we include here as they may be of independent interest (see Paragraphs 5.2 and 5.3). However, in Paragraph 5.4 we give a proof using a more combinatorial approach and some hyperbolic trigonometry.
1.3. Questions, remarks, further work. For a compact surface without boundary Buser [Bus10, Chapter 13] has in fact given upper bounds in terms of the genus g for the number of hyperbolic structures on a surface Σ that share a given the length spectrum. These bounds were exponential of the square of g, namely e 720g 2 . They have recently been much improved by Parlier [Par18] to g 154g . Since our proof depends on a compactness argument we do not obtain any such bounds. It seems an interesting question to render our theorem uniform that is to find a bound on the number of hyperbolic structures on a surface Σ that share a given the ortho spectrum purely in terms of the topological complexity of Σ as defined above.
In Section 6 we give examples of hyperbolic structures on a surface Σ with the same ortho spectrum but different systolic length. Since the systolic length is the infimum of the length spectrum they have different length spectra. At the time of writing, all known pairs of hyperbolic structures with the same length spectrum are commensurable (it is conjectured that this is always the case) so that, by covering theory (see Section 6) they necessarily have the same ortho spectrum. This suggests that the ortho spectrum is potentially a strictly weaker invariant than the length spectrum: ie the length spectrum determines the ortho spectrum but not vice versa.
Finally, Bridgeman [Bri11] has investigated the ortho spectrum for an ideal polygon in the hyperbolic plane, showing how to obtain certain celebrated identities for the Rogers' dilogarithm from it. Together with Dumas [BD07] he went on to study a related problem namely that of the chord length distribution for the ideal triangle. In a forthcoming paper [MM] we consider the problem of whether the ortho spectrum determines an ideal polygon up to congruence.
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Ortho geodesics
It is convenient to define ortho geodesics by using the action of a Fuchsian group on the universal cover of Σ. A Fuchsian group Γ is a discrete subgroup of isom + (H). If Γ is torsion free then the quotient of H by the action of Γ is a surface Σ = H/Γ and π 1 (Σ) Γ. The limit set Λ(Γ) of Γ is the smallest closed Γ-invariant subset of the ideal boundary ∂H and, provided Γ is not virtually abelian, this is a perfect set. The complement of the limit set Ω(Γ) is called the regular set if it is a (possibly empty) Γ-invariant open set. Further, if Γ is finitely generated and Σ does not have finite area then Ω(Γ) is dense and consists of countably many open intervals. If Γ contains no parabolic elements then the orbits of the action of Γ on Ω(Γ) are in 1-1 correspondence with the ends of Σ. Thus, we have a Γ-invariant decomposition of the ideal boundary of H as ∂H = Λ(Γ) Ω(Γ). We shall denote ∂Ω the set of all the points a, b such that the intersection of the interval [a, b] ⊂ ∂H with the limit set Λ is {a, b}.
2.1. Convex core and ortho geodesics. Given Γ finitely generated and Σ of infinite area there is a canonical way to associate a subsurface C(Σ) ⊂ Σ of finite area with totally geodesic boundary called the convex core. Let C(Λ) ⊂ H be the convex hull of the limit set, this is a closed, Γ-invariant subset whose frontier consists of countably many complete geodesics. The quotient C(Σ) := C(Λ)/Γ embeds naturally into Σ = H/Γ. By construction, C(Λ) is the universal cover of Σ the embedding induces an isomorphism between π 1 (Σ) Γ and π 1 (C(Σ)). In particular :
Proposition 2.1. The components of the regular set, i.e. the maximal intervals in the complement of Λ, are in 1-1 correspondence with lifts of the boundary geodesics of Σ.
Note that if γ ⊂ H is a geodesic with an endpoint in ∂Ω then the corresponding geodesic in the surface Σ contains some boundary geodesic in its closure. In what follows we will think of C(Λ) as a generalized polygon and refer to the geodesics of ∂C(Λ) as sides. We associate to pairs of distinct sides an ortho geodesicα * , which is just the unique common perpendicular joining the sides. The image ofα * is a geodesic arc α * which meets ∂C(Σ) perpendicularly and this is an ortho geodesic on the surface Σ. By definition, the lengths ofα * and α * are the same and clearly the length ofα * can be computed as a cross ratio of the endpoints of the associated sides of C(Λ). We denote by O(Σ) the ortho spectrum of Σ, namely, the set of lengths of ortho geodesics counted with multiplicity.
2.2.
Identies for moduli. One can compute two important numerical invariants (moduli) of the hyperbolic structure from the ortho spectrum, namely the perimeter (total length of the boundary) and the area. Calegari [Cal10] ). For each n ∈ N, there exists a function B n : R >0 → R >0 with the following property. Let M be a compact hyperbolic n-manifold with totally geodesic boundary. Then
If Σ is a surface with a single totally geodesic boundary component δ. Then the above formula can be written explicitly by α * 2 sinh −1 1 sinh( (α * )) = (δ).
Theorem 2.3 (Bridgeman-Kahn [BK10], Calegari [Cal10] ). For each n ∈ N, there exists a function F n : R >0 → R >0 with the following property. Let M be a compact hyperbolic n-manifold with totally geodesic boundary. Then
Remark 2.4. Bridgeman-Kahn and Calegari gave different proofs of Theorem 2.3. A priori, the function F n by Bridgeman-Kahn and Calegari can be different, but in [MM13] we showed that their functions are the same.
Geometry of pairs of pants
This section contains material necessary in the proof of Theorem 5.1 below in particular certain relations between lengths of ortho geodesics in a pair of pants and the boundary lengths.
We begin by recalling a useful formula from hyperbolic trigonometry (see for example [Bea95, Equation 7 .18.2]) . Choose a pair of adjacent sides in a right angled pentagon and let a, b denote their respective lengths (see Figure 1 ) then
where d is the length of the unique side not adjacent to either our chosen pair of sides.
Figure 1
Definition 3.1. A foot of an ortho geodesic is a point of intersection of the ortho geodesic with the (totally geodesic) boundary of the surface. Since the surface is convex an ortho geodesic has exactly two feet.
Lemma 3.2. Let P be a pair of pants with boundary geodesics α, β, γ. Let τ be the unique simple ortho geodesic with both their feet on γ. Then after possibly exchanging the labels on α, β, we have
Proof. The feet of τ divide γ into two intervals one of which is of length y ≥ (γ)/2. After possibly exchanging the labels on α, β one may assume that there is an embedded right angled pentagon in P with a pair of adjacent sides of length y/2, (τ )/2 and the non adjacent side has length (α)/2. Applying formula (1) one obtains cosh( (α)/2) = sinh(y/2) sinh( (τ )/2) ≥ sinh( (γ)/4) sinh( (τ )/2). So sinh( (τ )/2) ≤ cosh( (α)/2) sinh( (γ)/4) Lemma 3.3. Let P be a pair of pants with boundary geodesics α, β, γ. Let τ and τ be ortho geodesics with both their feet on γ such that τ is simple and τ goes round α exactly once (see Figure 2 ). Then we have
where a, t and t denote the lengths of α, τ and τ respectively.
Figure 2
Proof. We cut P along a set of curves to obtain a collection of four right angled pentagons. So cut P along τ , and the shortest ortho geodesics between α and γ, between β and γ , and α and β. One of these pentagons has a pair of adjacent edges of lengths a/2 and b, the length of the side not adjacent to this pair is t/2 (see Figure 3 ). By Eq. (1), we have There is a double cover of the pair of pants such that τ lifts to a simple curvẽ τ and in this surface there is an embedded right angled pentagon with a pair of adjacent edges of lengths a and b (see Figure 4 ). The length of the non adjacent edge is t /2. 
Strong rigidity for the one holed torus
We now prove that the ortho spectrum of a one holed torus determines the hyperbolic structure up to isometry. The analogous result for the length spectrum is due to Buser and Semmler [BS88] . For more general surfaces such a strong rigidity result is not possible as one can construct surfaces using abelian covers which are homeomorphic (see Section 6), have the same ortho spectrum but are not isometric. Thus, in the general case we will prove McKean-type theorem for the ortho spectrum: that is we show that given a hyperbolic structure on the surface then there are only finitely many hyperbolic metrics with the same ortho spectrum.
Lemma 4.1. Let Σ 1,1 be a hyperbolic one-holed torus with totally geodesic boundary. Let α be the unique simple closed geodesic disjoint from one of the shortest ortho geodesics τ . Then the shortest ortho geodesic that crosses α must meet α in a single point.
Proof. Let b be an ortho geodesic that crosses α more than once. Note that (τ ) ≤ (b). We will show that there is an ortho geodesic x which crosses α exactly once and is shorter than b. Let Σ 1,1 → Σ 1,1 denote the infinite cyclic cover in Figure 5 . The boundary geodesic lifts to a closed geodesicγ, α lifts to a closed geodesicα. If T : Σ 1,1 → Σ 1,1 is the generator of the group of deck transformations thenα and T (α) bound a fundamental domain D for the action of the deck transformations. There is a lift b of b to Σ 1,1 which, without loss of generality exits the fundamental domain D by crossing T (α).
By hypothesis b meets α more than once, sob must meet a translate ofα a second time and this translate must be either T (α) or T 2 (α). In either case there is an arc c which minimises the distance betweenb and T (γ).
We construct a right angled pentagon with a pair of adjacent edges of length less than (c), (b)/2 and the edge disjoint from this pair is an ortho geodesic x whose projection to Σ 1,1 meets α exactly once. It is always possible to construct the pentagon such that (c) ≤ (τ )/2. Now, since cosh and sinh are monotone increasing functions on R ≥0 , by Eq. (1),
Hence we have (x) < (b). We begin by using Basmajian's identity to show that boundary lengths are equal then, as in Buser-Semmler, we show that the structures T i determine (essentially) the same Fenchel-Nielsen parameters for a pair of simple geodesics α i . More precisely, (α 1 ) = (α 2 ) and the twist parameters are the same up to change of sign.
Proof. Let γ denote a simple loop freely homotopic to the boundary of the one-holed torus. The free homotopy class of γ is invariant under the action of the orientation preserving homeomorphisms of the one-holed torus. By Basmajian [Bas93] (γ), the length of the unique geodesic in this homotopy class, can be determined from just the ortho spectrum and so it is independent of the choice of structure T i , i = 1, 2.
Let τ be a simple ortho geodesic and denote its length by t. For i = 1, 2 there is a unique simple closed geodesic α i on T i disjoint from τ and we have cosh( (α i )/2) = sinh(t/2) sinh( (γ)/2),
To prove (7) we cut along α i to obtain a pair of pants P i with two boundary geodesics of length (α i ) and another of length (γ). There is an embedded right angled pentagon with an adjacent pair of sides of lengths t/2, (γ)/2 and the non adjacent edge has length (α i )/2 and Eq.(7) follows from Eq.(1).
It follows that if (τ 1 ) = (τ 2 ) ortho geodesic on T i then the closed simple geodesics α i have the same length. It remains to show that the Fenchel-Nielsen twist parameters are the same for α 1 and α 2 .
Let P i be the pair of pants we get by cutting along α i , and O(P i , γ) the ortho spectrum of P i of ortho geodesics whose feet are on γ. Consider the "set-wise" difference O(T i ) \ O(P i , γ). What we obtain by doing this is the lengths of those ortho geodesics which intersects α i for i = 1, 2. In particular, we can determine (τ 1 i ) the length of the shortest such geodesic τ 1 i for i = 1, 2. By Lemma 4.1, the ortho geodesic τ 1 i meets α i just once. Now any pair of curves that each meet α i just once are related by a Dehn twist, and since the length of an ortho geodesic is convex along a Fenchel-Nielsen twist there are at most two possibilities for the choice of τ 1 i . We normalise the Fenchel-Nielsen twist so that the parameter is 0 when the length of τ 1 i is minimal. Using Kerckhoff's formula for the variation of length along a Fenchel-Nielsen twist this occurs exactly when α i and τ 1 i meet at right angles. It is not difficult to see that when there are two choices for τ 1 i this yields a pair of surfaces which are isometric and the corresponding twist parameters differ only in their sign.
Rigidity in general: McKean's Theorem
Sunada gave an ingenious geometric construction allowing one to construct pairs of hyperbolic surfaces Y 1 , Y 2 ∈ M(Σ) with the same length spectrum but which are not isometric. On the other hand, by a theorem of McKean [McK72] , for any given surface Y ∈ M(Σ) there can only be finitely many surfaces with the same spectrum as Y . In this section we prove a version of McKean's theorem for the ortho spectrum:
Theorem 5.1. Let X be a hyperbolic structure on a surface Σ with a single geodesic boundary component α 0 . Then there are finitely many choices for a hyperbolic structure Y on Σ such that O(X) = O(Y ).
Whilst, as we shall see in Section 6, it is much easier to find pairs of hyperbolic surfaces Y 1 , Y 2 ∈ M(Σ) with the same ortho spectrum but which are not isometric, it turns out that the analogue of McKean's Theorem for the ortho spectrum is quite subtle. So, before giving a proof of Theorem 5.1 in full generality, we discuss the general strategy of the proof and how the Bridgeman-Kahn identity and Poincaré series can be used to obtain the result in two special cases. 5.1. Wolpert's strategy. In both case we employ a strategy due to Wolpert. He observed that, since the ortho spectrum is discrete, for any compact setB of T (Σ) the Teichmüller space of the surface the set of hyperbolic structures inB with the same ortho spectrum as Y is finite. Now ortho spectrum depends only on the point determined by the hyperbolic surface in M(Σ). So if B is the projection ofB to M(Σ) we may apply Mumford's Criterion for pre compactness namely: a subset B ⊂ M(Σ) is pre compact, if and only if, the infimum of the systole over B is strictly positive. So if we can bound the systole length away from zero, then Mumford's Compactness Theorem implies Theorem 5.1.
Planar surfaces.
We argue by contradiction, suppose that there is a sequence of hyperbolic structures Y i on Σ with O(Y i ) = O(X). We may further suppose that the systole length sys(Y i ) converges to zero. By the Collar Lemma, after taking subsequence if necessary, there is a simple closed curve α ⊂ Σ with Yi (α) → 0. Then by Theorem 2.3, we see that α must be non-separating, for otherwise the limit of the Y i has the same ortho spectrum but the areas are different. In particular, if Σ is a planar surface, that is one for which all essential closed curves are separating, then statement of Theorem 5.4 holds.
5.3.
Surfaces with small critical exponents. We next observe that under the assumption that the Hausdorff dimension is less than 1/2, we can prove Theorem 5.1 using properties of Poincaré series. From standard calculus it is easy to see that for x large
and, in particular, the following Poincaré series converges for h = 1:
More generally, by work of Patterson, Sullivan and Parker the series converges for all h strictly greater than the critical exponent (dimension of the limit set), see the Appendix for an exposition of this fact.
Theorem 5.2. Let δ > 0 and Y k ∈ M(Σ) be a sequence of compact hyperbolic surfaces with totally geodesic boundary such that the Hausdorff dimension of the limit set (critical exponent) is less than 1 2 − δ. Then the set of surfaces with the same ortho spectrum as Y is finite.
Proof. We show that the systole is bounded over the set of surfaces X with the same ortho spectrum as Y using the function
We control the length of the systole using the following observation: CLAIM: if the systolic length tends to 0 as k → ∞ then there is a sequence of closed geodesics α k and a sequence of distinct ortho geodesics τ n and M > 0 such that:
Assuming the claim we choose h < 1/2 and strictly greater than the critical exponent. We have (10)
And thus (α k ) → 0 since 2h − 1 < 0 and the Poincaré series converges.
To prove the claim we proceed as follows. We begin by remarking that there is at least one boundary component γ say for which (γ) → 0. For, if all the boundary lengths went to zero then, by the Collar Lemma, the length of the shortest geodesic would tend to infinity and by hypothesis this length is independant of Y k . In fact, by Basmajian's identity, we may suppose that
where N is the number of boundary components.
For each Y k we choose a pants decomposition P k which contains all the short curves (length less than Margulis' constant) and such that all the curve lengths are less than the Bers' constant. After passing to a subsequence if necessary we may assume that all the P k are of the same type.
Let α k be a curve in the pants decomposition such that (α k ) → 0. To start with we suppose that, ∀k, the boundary component γ and α k are boundaries of a pantalon in P k . Choose a point on x ∈ γ and construct a piecewise geodesic curve by travelling along the shortest geodesic arc a to α k , going round α k n times, and then returning to x by going back along the shortest route again.
The lengths of these geodesics satisfy
for all n ≥ 0. We now bound (a). We may suppose that the boundary lengths of pairs of pants that a passes through are bounded from below, for otherwise we can choose a curve in the pants decomposition whose length converges to 0 and which is closer to the boundary than α k . If the lengths of the boundary curves of a pair of pants are bounded from below and above, the distance between the boundary curves are also bounded (see Eq. (1) above from Beardon [Bea95] ) . Since the number of pairs of pants that a passes through is bounded by the topology of Σ, the length (a) is bounded from above by M/2 − log( (α)) where M depends only on the topology of Σ. The term − log( (α)) corresponds to the depth of the collar of α.
McKean's Theorem in general.
We now give a proof of Theorem 5.1 i.e. given a hyperbolic structure on the surface then there are only finitely many hyperbolic metrics with the same ortho spectrum. As before, following Wolpert [Wol77] , it suffices to show that the set of surfaces with the same ortho spectrum remains in a pre compact subset of moduli space M(Σ). So, again by Mumford's criterion, we will show that there is a strictly positive lower bound for the systole. Note that the ortho spectrum does not determine the systole's length and in Section 6 we construct pairs of surfaces with the same ortho spectrum but different systolic length.
Given such examples, it seems difficult to render such a result effective that is to give an upper bound for the number of such hyperbolic structures which depends only on the topological type of the surface.
Proof of Theorem 5.1. Following Wolpert [Wol77] : we suppose that there is an infinite family of pairwise non isometric hyperbolic structures Y n with the same ortho spectrum as X. We will show that there is a strictly positive lower bound for the systole.
For each for Y n choose a pants decomposition P n which satisfies the (γ) ≤ L for all γ ∈ P n . We make this choice since this guarantees that if (α) → 0 as n → ∞ then α ∈ P n . We will obtain a contradiction by bounding (γ) below independently of n. This means that Y n remains in a compact subset of moduli space and so must be eventually constant since the ortho spectrum is discrete.
For each n we construct a rooted adjacency graph Γ n as follows. The vertices of Γ n are the pants in P n , a pair of vertices is joined by an edge if they satisfy the obvious relation and the root of Γ n is the vertex corresponding to the pants which meets the boundary. Fix n and choose a rooted spanning tree T for Γ n . The depth of the spanning tree is bounded above by the number of pants which does not depend on n. Let P be a vertex of T we show how to bound the lengths of the boundary geodesics of P by induction on the depth in the spanning tree. The root vertex of Γ n is the unique vertex of minimal depth and we begin by this case.
Suppose that P is the root vertex with boundary geodesics α 0 , α 1 and β 1 . If τ 0 and τ 0 are as in Lemma 3.3 then we have an upper bound for (τ 0 ) namely,
To simplify notation we define a function F (x) := 2arcsinh (exp(L/2)/x) + 2 (α 0 ) so that
By Lemma 3.3, we have cosh( (τ 0 )/2) = 2 cosh( (α 1 )/2) cosh( (τ 0 )/2), so that (τ 0 ) > (τ 0 ) and moreover 2 cosh( (α 1 )/2) = cosh( (τ 0 )/2) cosh( (τ 0 )/2) ,
The ortho spectrum O(X) is discrete so there are only finitely many distinct values of the ortho spectrum O(X) less than F ( (α 0 )). Thus one can bound (α 1 ) from below by finding the pair of values x < y < F ( (α 0 )) for which cosh(y/2) cosh(x/2) takes the smallest value greater than 2. Note that this lower bound is also a lower bound for (β 1 ). Now suppose that we have bounded α n from below and consider the pair of pants with boundary geodesics α n , α n+1 , β n . We now construct arcs τ n , τ n (see Figure 6 ) in a similar way to Lemma 3.3 so that (14) 2 cosh( (α n+1 )/2) = cosh( (τ n )/2) cosh( (τ n )/2) .
Let a be the shortest arc from α 0 to α n and τ, τ the ortho geodesics in P n as before.
Then the arc τ n (resp. τ n ) is the geodesic representative of a piecewise geodesic constructed by following a to α n , traveling round α n to the foot of τ (resp. τ ), following τ (resp. τ ) then going round α n to the foot of a, and finally returning to α 0 via a. There are choices of the direction when we go around α n , and we choose the direction so that corresponding geodesic representative τ n (resp. τ n ) attains the shortest among such choices. Then Eq. 14 follows in a similar way to Lemma 3.3.
Figure 6
Since τ n is the shortest curve in the homotopy class rel ∂Σ its length is bounded above by the piecewise geodesic and we obtain (τ n ) ≤ 2 (a) + (τ ) + (α n ) ≤ 2 (a) + F ( (α n )).
Further, by constructing a piecewise geodesic in the same homotopy class as τ n , one sees (τ n ) ≤ 2 (a) + F ( (α n )) + L. Once we bound (a) from above, the same argument as before shows there is a strictly positive lower bound for (α n+1 ) which does not depend on k.
We now show how to get an upper bound of (a). Given a pair of pants with boundary α, β, γ, we have (15) cosh(d(γ, α)) = sinh( (γ)) sinh( (α)) cosh( (β)) − cosh( (γ)) cosh( (α)).
Hence one obtains an upper bound from d(γ, α) from the bounds for the length of α, β and γ. There is a piecewise geodesic curve σ homotopic to a obtained by traveling alternately along the shortest ortho geodesic and the arcs of the boundary geodesic of the pants connecting the feet of the ortho geodesics. Then Eq.(15) and upper bound of the length of the pants curve yield an upper bound for (σ) and hence for (a).
Abelian covers and the spectra
We now give a simple construction which shows that the ortho spectrum fails to distinguish surfaces with different lengths of systole and so it fails to distinguish surfaces which are not isometric. To do this it is convenient to make a special choice for the hyperbolic structure X on Σ 1,1 which will make it easy to determine the length of the systole on degree n covers of X. Lemma 6.1. For any n > 0 there is a choice of hyperbolic structure X on Σ 1,1 such that:
(1) The systole is shorter than 1/n times the length of the next shortest curve.
(2) LetX be a degree n cover of X then the systole of the cover has at length at most n (α).
Proof. Let α be an essential closed simple curve on Σ 1,1 and γ a non trivial curve homotopic to the boundary ∂Σ 1,1 . By the Collar Lemma for any hyperbolic structure on Σ 1,1 such that (α) is sufficiently small the second shortest curve on Σ 1,1 is necessarily a curve α disjoint from α. We will obtain a uniform lower bound for (α ), that is one that does not depend on (α) or (γ).
Cut along α to obtain a pair of pants P which inherits an incomplete hyperbolic metric from Σ 1,1 . One can equip this P with a Poincaré metric which is a complete hyperbolic metric so that equipped with this metric it is isometric to the three punctured sphere. The identity map on P is a holomorphic map so by the Schwarz-Pick lemma the map from the incomplete metric to the Poincaré metric is a contraction. Since α is disjoint from α there is a closed geodesic on P of the same length. So, since the identity is a contraction,
where ∞ (α ) denotes the length of the geodesic homotopic to α for the Poincaré metric on P . Now on the three punctured sphere the length of the shortest closed geodesic is 2 arccosh(3/2) so that (α ) ≥ 2 arccosh(3/2). Now choose a hyperbolic metric on P such that there is a boundary geodesic of length (γ) and the other two boundary geodesics are of length (1/n) × arccosh(3/2).
By identifying these two boundary geodesics one obtains a hyperbolic structure X on Σ 1,1 with the property (2). Theorem 6.2. Let k > 0 and set n = 2 k and X be a hyperbolic structure on Σ 1,1 obtained as in Lemma 6.1. Then there are k cyclic coversX i of X such that the length of the systole is different for each of these covers.
Proof. Let α denote the shortest essential closed geodesic on X. Since the fundamental group of Σ 1,1 is free on two generators there is a homomorphism onto Z. We choose generators α, β for π 1 (Σ 1,1 ) such that α is freely homotopic to α and define a homomorphisms by π 1 (Σ 1,1 ) → Z, α → 2 m , β → 1.
Reducing modulo 2 k the image of α we obtain a homomorpism π 1 (Σ 1,1 ) → Z/2 k Z and we denote byX m the regular degree 2 k covering corresponding to the kernel of this homomorphism.
Each closed geodesicβ ⊂X m covers some closed geodesic β ⊂ X and the degree of this cover is the order of the image of β in Z/2 k Z. In particular (β ) ≥ (β ) and if β = α (β ) ≥ 2 arcosh(3/2) > 2 k (α), so, since 2 k is the degree of the coverX m → X, the shortest closed geodesic onX m must cover α. Finally, we can compute the length of the systole: ifα ⊂X m covers α then (α) = 2 k−m × (α), so that the systole distinguishes the coversX m .
Appendix A. dimension and ortho spectrum in dimension 3
Let M be a compact hyperbolic 3-manifold with totally geodesic boundary. We let Γ be a Kleinian group such that the convex core of H 3 /Γ is isometric to M . It is observed by several authors [BK10, Cal10] that the ortho spectrum of M determines the volume of M and the area of ∂M . In this section, we prove that the Hausdorff dimension of the limit set Λ(Γ) of Γ can also be determined by the ortho spectrum of M . Since the boundary of M is totally geodesic, the limit set Λ(Γ) is a circle packing of ∂H 3 = C ∪ {∞}. By considering conjugate if necessary, we may assume that ∞ ∈ ∂H 3 \ Λ(Γ). First, we recall the work of Parker. Let C be a circle packing of ∂H 3 and let R(C) denote the set of radii of the circles in C counted with multiplicity. Then the circle packing exponent of C is
Parker showed the following. We now define the exponent of ortho spectrum as follows. Let O(M ) denote the ortho spectrum of M . Then we define the ortho spectrum exponent by e O := inf{t :
Our goal is the following. Proof. Let γ be a circle in Λ(Γ) and H < Γ be the (setwise) stabiliser of γ. By applying conjugate if necessary, we may suppose that γ is the unit circle in C. As H acts on the unit disc surrounded by γ discontinuously, we have a fundamental domain D which contains 0. First we claim that there is a constant C > 0 which depends only on M, H and D with the following property. Let δ be a circle in Λ(Γ) meeting D, we let l denote the length of the ortho geodesic connecting δ and γ. Then the radius r of δ satisfies 1 Ce l ≤ r ≤ 1 e l .
As rotations do not change the radii, it suffices to discuss the case of dimension two, so we now suppose γ = {−1, 1} ⊂ ∂H 2 . The convex hull C(γ) ⊂ H 2 of γ is the half circle of radius 1 centred at 0. Let δ ⊂ H 2 denote the half circle centred at 0 with hyperbolic distance l from C(γ). The radius r of δ equals 1/e l . As δ has the largest possible radius, we have r ≤ 1/e l . We now consider an isometry A = s t u v ∈ PSL(2, R) which preserves C(γ) and maps δ to δ. Without loss of generality, we may suppose a > 0. Since A preserves −1 and 1, we have s = v and t = u, and hence, s 2 − t 2 = 1. Then the centre of δ is t/s. Note that since M is compact and there is a lower bound of the length of ortho geodesics, there exists 1 > > 0 which depends only on M, H and D such that ∂δ ⊂ (−1 + , 1 − ) whenever δ meets D. A simple calculation shows that the radius r of δ equals r s(tr + s) .
Since t/s ≤ 1 − and s 2 − t 2 = 1, we have t ≤ (1 − )s, and
Therefore as r ≤ 1 − , and r = 1/e l we have r = 1/e l s(tr + s) ≥ 1/e l s 2 ((1 − )r + 1) ≥ 1 − (1 − ) 2 1 + (1 − ) 2 · 1 e l , and the claim follows. Now we prove e O ≤ d. By Theorem A.1, we have e Λ(Γ) = d. For a subset T ⊂ ∂H 3 , let e T := inf{t :
r: radius of circles meeting T r t < ∞}.
Then we have e T ≤ e Λ(Γ) = d for any T , in particular when T = D. Let B ⊂ ∂M be the component corresponding to H. By inequality (16), we have e O = e D since each ortho geodesic of M one of whose endpoints lies on B corresponds to a circle meeting D, and there are only finitely many components in ∂M . Hence we have e O ≤ d.
For the converse inequality, we use the work of Larman [Lar66] which says that for any compact subset K ⊂ C and a circle packing C of K, the circle packing exponent of C is greater than or equal to the Hausdorff dimension of C. We first take large enough ball K centred at 0 and contained in γ. Then we let K to be the subspace obtained by removing all circles intersecting with ∂K from K . By taking K large enough we may suppose that K contains all the circles meeting D. As D is a fundamental domain and K is compact, we see that e D = e K , and the Hausdorff dimension of the restriction of Λ(Γ) on K equals d. Therefore we have e O = e D = e K ≥ d by Larman. Thus e O = d follows.
